In this paper, we discuss the parity result for multiple Dirichlet series which contains some special values of multiple zeta functions as special cases, such as Mordell-Tornheim type of multiple zeta values, zeta values of the root systems and so on. Moreover, we can give an explicit expression in terms of lower series by using the main theorem.
Introduction
Parity results are one of the important properties of special values of multiple zeta functions, and have been extensively researched. For example, the parity result for Euler-Zagier type of multiple zeta values was proved by Goncharov [2, Corollary 7.2] , Tsumura [14] and Ihara, Kaneko and Zagier [3] . For an r-tuple of positive integers k = (k 1 , k 2 , . . . , k r ) (k r ≥ 2), the Euler-Zagier type of multiple zeta value is defined by
For a tuple of numbers k = (k 1 , k 2 , . . . , k r ), we define wt(k) as the sum of all entries of k, namely wt(k) := r j=1 k j which is called the weight. The parity result for Euler-Zagier type of multiple zeta values is the following property. Theorem 1.1. When wt(k) and r ≥ 2 are of different parity, ζ r,EZ (k) can be written as a rational linear combination of the product of Euler-Zagier type of multiple zeta values ζ s,EZ (ℓ) (s < r, wt(ℓ) < wt(k)).
The parity result for Mordell-Tornheim type of multiple zeta values was proved by Tsumura [16] and later by Onodera [12, Theorem 3 ] (see also the paper of Bradley and Zhou [1] ). The Mordell-Tornheim type of multiple zeta value is defined for an (r + 1)-tuple of positive numbers k = (k 1 , . . . , k r , k r+1 ) by
This series with k i = s i ∈ C was introduced by Matsumoto in [8] first.
Theorem 1.2. When wt(k) and r ≥ 2 are of different parity, ζ r,M T (k) can be written as a rational linear combination of the product of Mordell-Tornheim type of multiple zeta values ζ s,M T (ℓ) (s < r, wt(ℓ) < wt(k)).
From these two theorems, we can regard the parity result as a property that r-ple series can be written in terms of s(< r)-ple series. In that sense, some results on such a property for other objects (for example, zeta values of root systems and multiple polylogarithms) are already known (see [6, 7, 10, 11, 13, 15] ). We introduce the main object of the present paper in the next section.
Preliminaries and main results
Let N be the set of positive integers, N 0 be the set of non negative integers, Z be the set of integers, R be the set of real numbers, C be the set of complex numbers. For a positive integer m, we define [m] := {1, 2, . . . , m}. Let r and ℓ be positive integers and M(ℓ, r, N 0 ) be the set of ℓ × r matrices A = (a ij ) i∈ [ℓ] j∈ [r] whose entries are non negative integers which satisfies the following two conditions.
(1) A has no zero row vectors.
(2) A has no zero column vectors.
The main object of the present paper is the following multiple Dirichlet series which is defined for h = (h 1 , . . . , h r ) ∈ N r , k = (k 1 , . . . , k ℓ ) ∈ N ℓ , y = (y 1 , . . . , y r ) ∈ R r and A ∈ M(ℓ, r, N 0 ) by
where e(α) := exp(2π √ −1α). The first condition of A guarantees that the denominator does not vanish, and the second condition guarantees that ζ r,ℓ (h, k, y, A) converges absolutely.
Here, we introduce notations. For a non empty subset J = {j 1 < j 2 < · · · < j |J| } ⊂ [r], we defineJ := [r]\J. For a tuple of numbers h = (h 1 , . . . , h r ) and a matrix A ∈ M(ℓ, r, N 0 ), we define h J and a sub matrix A J as follows.
For the empty set, we define wt(h ∅ ) = 0. Moreover, we define the set of numbers of non zero row vectors of A J .
In order to state the main theorem, we need more preliminaries. Let m be a positive integer. We assume that the real vector space R m is equipped with the normal inner product ·, · . We denote f the part of
For real numbers, we define the multi dimensional generalization of fractional part {·} which was introduced in [4] by Komori, Matsumoto and Tsumura. Let R(Λ) be the set of all subsets
satisfying that ρ, f B = 0 for all B ∈ B(Λ) and f ∈ B. According to ρ, for y ∈ R m , B ∈ B(Λ) and f ∈ B, we define the multi dimensional fractional part as follows.
Now we define the generating function for a non empty subset J ⊂ [r], a matrix A ∈ M(ℓ, r, N 0 ) and mJ ∈ N |J| . We put
and we define f (m J ) := f , m J +ḟ for the above vectors f and m J = (m j ) j∈J ∈ N |J| , where δ jk denotes Kronecker's delta symbol. Moreover, we put
It is easy to see that rank Λ = |J|. For y J ∈ R |J| and t Λ = (t f ) f ∈Λ ∈ C |Λ| , we define
and denote by D(h J , k I , y J ; Λ) the coefficients of the Taylor expansion of G(t Λ , y J ; Λ) around the origin in t Λ . Namely,
where t f denotes t k for f = f k ∈ Λ. Now, we state main theorem. 
We can obtain the following corollary by noting e √ −1θ + e − √ −1θ = 2Re(e √ −1θ ) for θ ∈ R. T r,ℓ,J (h, k, y, A).
This means that the real part of r-ple series ζ r,ℓ (h, k, y, A) can be expressed in terms of s-ple series with s < r when wt(h) + wt(k) and r are of different parity. Hence, this corollary can be regarded as the parity result for multiple Dirichlet series. Moreover, we can give an expression of Re(ζ r,ℓ (h, k, y, A)) explicitly in terms of s-ple series by calculating D(h J , k I , y J ; Λ).
An example
In this section, we check that the parity result for Mordell-Tornheim type of multiple zeta values is deduced from Corollary 2.3.
Put ℓ = 1, y 1 = · · · = y r = 0 and A = (1, . . . , 1 r ).
We can see that A and any positive integers h 1 , . . . , h r and k 1 satisfy the condition of absolute convergence in Theorem 2.2 by the result of Matsumoto and Tsumura [9, Lemma 4.2] . From now on, we evaluate T r,1,J (h, k 1 , 0, A). In this case, we fix ρ = (1, 2, . . . , |J|) for J ⊂ [r] and we put
Then B(Λ) can be divided into {B | f r+1 ∈ B} and {B | f r+1 ∈ B}. The former set contains only one element that is B = {f j | j ∈ J}. Hence we have f B j = f j and {0} B,f j = 0 for any j ∈ J since ρ, f B j > 0. For B which is an element of the latter set, B corresponds to an element of J, we name that element i since there exists only one element of Λ such that f i ∈ Λ \ B. Then we can see that
Moreover, Z |J| / B = {0} for any B ∈ B(Λ). Therefore we have
we have
When J = [r], we can see that D(h J , k 1 , 0; Λ) is a polynomial of powers of π √ −1 and powers of ( j∈J m j ) −1 . When J = [r], we can see that D(h J , k 1 , 0; Λ) is a polynomial of powers of π √ −1. By these observations and by taking the real part, we obtain the parity result for Mordell-Tornheim type of multiple zeta values. 1 (a i1 m 1 + · · · + a ir m r ) k i . and then we take the limit M → ∞. 
